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a b s t r a c t
An edge-coloring is an association of colors to the edges of a graph, in such a way that no
pair of adjacent edges receive the same color. A graphG is Class 1 if it is edge-colorablewith
a number of colors equal to its maximum degree∆(G). To determine whether a graph G is
Class 1 is NP-complete [I. Holyer, The NP-completeness of edge-coloring, SIAM J. Comput.
10 (1981) 718–720]. First, we propose edge-decompositions of a graph G with the goal of
edge-coloring G with ∆(G) colors. Second, we apply these decompositions for identifying
new subsets of Class 1 join graphs and cobipartite graphs. Third, the proposed technique is
applied for proving that the chromatic index of a graph is equal to the chromatic index of
its semi-core, the subgraph induced by the maximum degree vertices and their neighbors.
Finally, we apply these decomposition tools to a classical result [A.J.W. Hilton, Z. Cheng, The
chromatic index of a graph whose core has maximum degree 2, Discrete Math. 101 (1992)
135–147] that relates the chromatic index of a graph to its core, the subgraph induced by
the maximum degree vertices.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple connected graph (i.e., without loops or multiple edges). The maximum degree of a vertex in G
is denoted by∆(G), and theminimumdegree is denoted by δ(G). A vertex ofmaximumdegree is called a delta-vertex andwe
denote byΛG the set of delta-vertices of G. We denote by AdjG(v) the set of vertices of G adjacent to vertex v, and by NG(v)
the set AdjG(v)∪ {v}. Similarly, for a set of vertices Z ⊂ V , we denote AdjG(Z) = ∪v∈Z AdjG(v) and NG(Z) = AdjG(Z)∪ Z . The
graph denoted G[Z] is the subgraph of G induced by Z . In particular, G[ΛG] is the core of G, and G[NG(ΛG)] is its semi-core.
A k-edge-coloring of a graph G = (V , E) is a function pi : E → C, with |C| = k, such that no two edges incident to the
same vertex receive the same color. A partial edge-coloring is a function pi : E ′ → C, E ′ ( E, such that no two edges incident
to the same vertex receive the same color. Given an edge-coloring or a partial edge-coloring, we say that a color f is a free
color at vertex u if f is not used in any of the edges incident to u. The chromatic index of G, denoted by χ ′(G), is the least k
for which G has a k-edge-coloring. Vizing’s theorem [1] states that χ ′(G) = ∆(G) or ∆(G) + 1, defining the classification
problem: graphs with χ ′(G) = ∆(G) are said to be Class 1; graphs with χ ′(G) = ∆(G) + 1 are said to be Class 2. It is
NP-complete to determine [2]whether a graph is Class 1, evenwhen the input is restricted to cubic graphs [2], comparability
graphs [3] and line graphs [3]. On the other hand, we can determine in polynomial timewhether a graph is Class 1 when the
input is restricted to bipartite graphs [4], graphs with a universal vertex [5], complete multipartite graphs [6] and complete
split graphs [7]. Besides, the complexity of the problem is unknown for important graph classes, such as cographs, chordal
graphs, and indifference graphs.
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Fig. 1. Example of union of a Class 1 graph G1 and a Class 2 graph G2 satisfying the conditions of Proposition 2. The edges of G1 are dashed and∆(G1) = 4.
The edges of G2 are the black edges and∆(G2) = 4. The union graph has degree 8. We identify the setΛG2 , by enclosing these vertices in a grey area, and
the set NG2 (ΛG2 ) by enclosing these vertices in a lighter grey area. Observe that every dashed edge has an endvertex outside the lighter grey area.
In this paper we propose techniques for decomposing the edge-set of a graph G and searching for a∆(G)-edge-coloring
of this graph. The technique is applied for optimally edge-coloring some join graphs and cobipartite graphs. We also prove
that the chromatic index of a graph G and of its semi-core G[NG(ΛG)] are the same. Finally, we show that, for a critical graph
G = (V , E)whose core G[ΛG] has no isolated vertices, if holds AdjG(ΛG) = V , an application to a classical result [8].
2. The decompositions
We say that a graph G = (V , E) is the union of graphs G1 = (V1, E1) and G2 = (V2, E2) if V = V1∪V2 and E = E1∪E2. We
write G = G1∪G2, we say that G is the union graph, and that G1 and G2 are the operands of the union operation. Observe that,
if E1 ∩ E2 = ∅, then max{∆(G1),∆(G2)} ≤ ∆(G) ≤ ∆(G1)+∆(G2). We use the concept of union of graphs with the aim of
representing decompositions of the edge-set of a graph. In what follows, we assume that a graph G = (V , E) is represented
as the union of two graphs G1 = (V1, E1) and G2 = (V2, E2) such that V = V1 = V2 and E1 ∩ E2 = ∅. In this section, we
consider the limit case∆(G) = ∆(G1)+∆(G2). In Section 4, we consider the other limit case∆(G) = max{∆(G1),∆(G2)}.
Observe the following proposition, which considers the union of two Class 1 graphs.
Proposition 1. Let G = G1 ∪ G2 be a union of two graphs such that ∆(G) = ∆(G1)+∆(G2). If both G1 and G2 are Class 1, then
G is Class 1.
Proof. Since G1 is Class 1, we can color its edges using∆(G1) colors; and since G2 is also Class 1, we can color its edges using
∆(G2) additional colors. So, we can color all edges of G using∆(G1)+∆(G2) = ∆(G) colors. 
The use of the decomposition described in Proposition 1 is a frequent argument in the identification of Class 1 graphs.
In the present work, we consider a different decomposition. In the proposed decomposition, a graph G is also expressed as
the union of two graphs G1 and G2 such that∆(G) = ∆(G1)+∆(G2). But, differently from the decomposition described in
Proposition 1, only one of the graphs is required to be Class 1 — let us assume, without loss of generality, that this Class 1
graph is G1. A sufficient condition that guarantees that the union graph G is Class 1 is given by Proposition 2.
Proposition 2. Let G = G1 ∪ G2 be the union of a Class 1 graph G1 = (V , E1) and a graph G2 = (V , E2) such that
∆(G) = ∆(G1)+∆(G2). If no edge of E1 has both endvertices in NG2(ΛG2), then G is Class 1.
Fig. 1 shows an example of union of a Class 1 graph and a Class 2 graph satisfying the conditions of Proposition 2, in such a
way that the union graph is Class 1.
For the proof of Proposition 2, we use Lemmas 3–5. Lemma 3 is a classical sufficient condition on the core due to Fournier
that ensures G to be Class 1.
Lemma 3 (Fournier [9]). If the core G[ΛG] of G has no cycle, then G is Class 1.
Lemma 4 is an application of Vizing’s recoloring procedure [10,1]. It shows conditions under which we can add an edge to
a Class 1 graph in such a way that the resulting graph is also Class 1.
Lemma 4. Let G = (V , E) be a Class 1 graph and let uv be a non-edge of G which has an endvertex, say u, that is not adjacent
to a delta-vertex of G, that is, AdjG(u) ∩ΛG = ∅. Then G′ = (V , E ∪ {uv}) is Class 1.
Proof. If∆(G′) = ∆(G)+ 1, then G′ has at most two delta-vertices, which are u and/or v. So, the core of G′ has at most two
vertices and cannot have cycles. By Lemma 3, graph G′ is Class 1.
Now, suppose∆(G′) = ∆(G) and let pi : E → C be a partial∆(G′)-edge-coloring of G′. By assumption, every neighbor of
u in G has degree smaller than∆(G) and, therefore, has at least one free color inC. In these conditions, we can apply Vizing’s
recoloring procedure [10,1] to color uv and recolor the other edges of G in order to get a∆(G′)-edge-coloring of G′. 
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Lemma 5 is a special case of Proposition 2, when∆(G1) = 1. The proof of this lemma follows two steps. In the first step we
add to a graph an edge that increases the maximum degree, obtaining a resulting graph that is Class 1. In the second step,
we add the other edges of the matching, one at a time, showing that we always meet the conditions of Lemma 4, so that the
resulting graph is also Class 1.
Lemma 5. Consider the graphs G1 = (V , E1) and G2 = (V , E2), where E1 is a matching such that no edge has both endvertices
in NG2(ΛG2). If the union graph G = G1 ∪ G2 has maximum degree∆(G) = ∆(G2)+ 1, then G is Class 1.
Proof. Since∆(G) = ∆(G2)+ 1, there is an edge in E1 incident to a delta-vertex of G2. Call this edge u1v1, where v1 ∈ ΛG2 .
Now, denote the edges in E1 \ {u1v1} by u2v2, . . . , ukvk, in such a way that ui is an endvertex of edge uivi which does not
belong to NG2(ΛG2). Now, let G
0 = G2 and Gi = (V , E2 ∪ {u1v1, . . . , uivi}). Observe that Gi is obtained from Gi−1 by adding
edge uivi. We prove the lemma by induction on i.
Graph G1 is obtained from G0 by adding edge u1v1. Since u1v1 is incident to a delta-vertex of G0, we have that ∆(G1) =
∆(G0)+1. Observe that G1 has at most two delta-vertices, which are v1 and, possibly, u1. So, the core of G1 has no cycle and,
by Lemma 3, G1 is Class 1.
Now, suppose that Gi = (V , E i) is Class 1 and consider the graph Gi+1 = (V , E i ∪ ui+1vi+1), obtained from Gi by adding
edge ui+1vi+1. Observe that, since E1 is a matching, each vertex in Gi can have its degree increased by at most one, with
respect to G2. So, only a delta-vertex of G2 can be a delta-vertex of Gi, which implies ΛGi ⊂ ΛG2 and NGi(ΛGi) ⊂ NGi(ΛG2).
Observe, also, that NGi(ΛG2) ⊂ NG2(ΛG2) ∪ {u1, . . . , ui, v1, . . . , vi}. So, the following relation holds:
NGi(ΛGi) ⊂ NGi(ΛG2) ⊂ NG2(ΛG2) ∪ {u1, . . . , ui, v1, . . . , vi}.
By assumption, ui+1 6∈ NG2(ΛG2). Since E1 is a matching, ui+1 6∈ {u1, . . . , ui, v1, . . . , vi}. So, ui+1 6∈ NG2(ΛG2) ∪
{u1, . . . , ui, v1, . . . , vi} and consequently ui+1 6∈ NGi(ΛGi). By Lemma 4, Gi+1 = (V , E i ∪ {ui+1vi+1}) is Class 1. 
Now we give the proof of Proposition 2 in two steps. In the first step, we add to a graph G2 a matching obtained from a
coloring class of a Class 1 graph G1 and show, using Lemma 5, that the resulting graph G′2 is Class 1. In the second step,
we add the remaining edges of G1 to G′2 and show that we have a union of two Class 1 graphs satisfying the conditions of
Proposition 1, in such a way that the union graph is also Class 1.
Proof of Proposition 2. Let pi : E1 → {1, . . . ,∆(G1)} be an edge-coloring of G1 and consider the matching M1 = {e ∈
E1|pi(e) = 1}, determined by the edges with color 1 in pi . Now, consider the graph G′1 = (V , E1 \M1), obtained from G1 by
removing the edges inM1. Observe thatM1 covers all delta-vertices of G1, so that G′1 is (∆(G1)− 1)-edge-colorable and has
degree∆(G′1) = ∆(G1)− 1. So, G′1 is Class 1.
Now, consider the graph G′2 = (V , E2 ∪M1), obtained from G2 by adding the edges ofM1. Recall that E1 ∩ E2 = ∅. Since
∆(G) = ∆(G1)+∆(G2), there is a vertex xwhich is delta-vertex of both G1 and G2. Since x is a delta-vertex of G1, this vertex
has no free color in pi , so that there is an edge e ∈ M1 incident to x. So,∆(G′2) = ∆(G2)+ 1. By hypothesis, every edge of G1,
and, in particular, inM1, has one endvertex not in NG2(ΛG2). So, by Lemma 5, G
′
2 is Class 1.
Now, observe that G′1 ∪ G′2 = G1 ∪ G2 and∆(G′1 ∪ G′2) = ∆(G1 ∪ G2) = ∆(G1)+∆(G2) = (∆(G′1)− 1)+ (∆(G′2)+ 1) =
∆(G′1)+∆(G′2). Since both G′1 and G′2 are Class 1, we can use Proposition 1 and conclude that G = G′1 ∪ G′2 is Class 1. 
3. Applications
3.1. Disconnected-bipartite decomposition
In this section we use the results of Section 2 to develop a decomposition tool for exhibiting Class 1 graphs. In a
DB-Decomposition, a graph is decomposed into a disconnected graph and a bipartite graph, according to the following
notation. Consider a graph G = (V , E) and a partition (VL, VR) of V , with VL, VR 6= ∅. We denote by BG(VL, VR) the graph
with same vertex set as G, but whose edges are the edges of G with one endvertex in VL and the other in VR, that is,
BG(VL, VR) = (V , {uv ∈ E|(u ∈ VL) ∧ (v ∈ VR)}). We denote by DG(VL, VR) the graph with same vertex set as G, but whose
edges are the edges ofGwith both endvertices inVL or both inVR, that is,DG(VL, VR) = (V , {uv ∈ E|(u, v ∈ VL)∨(u, v ∈ VR)}).
When the partition is clear in the context, we write only BG and DG. Note that BG is bipartite, DG is disconnected, and
BG ∪ DG = G.
Two graph classes arise naturally in the context of DB-Decompositions. The first class is that of join graphs, which are
graphs that have a partition (VL, VR) such that the associated bipartite graph BG(VL, VR) is complete bipartite — that is, it has
‘‘all possible edges’’. The second class is that of cobipartite graphs, which have a partition (VL, VR) such that the associated
disconnected graphDG(VL, VR) is a union of two disjoint cliques— analogously, it also has ‘‘all possible edges’’. In this section,
we use DB-Decompositions for obtaining new results on the edge-coloring of join graphs and cobipartite graphs.
3.2. Join graphs
The join is an operation between two graphs and appears in the context of cographs, which are defined recursively by
means of this operation. A graph G = (V , E) is the join of two vertex disjoint graphs GL = (VL, EL) and GR = (VR, ER) if
V = VL ∪ VR and E = EL ∪ ER ∪ {uv : (u ∈ VL) ∧ (v ∈ VR)}. In this case, we write G = GL + GR and we say that G is a join
graph. Observe that BG(VL, VR) is a complete bipartite graph. The graphs in Figs. 2 and 3 are examples of join graphs.
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Fig. 2. Join of GL = P2 and GR = C5 .
Fig. 3. Join of GL = K4 and GR = C4 .
The chromatic index of join graphs was already studied [7,11,6,5]. We remark that some classes of join graphs have been
classified [7,6,5]. It is known [11] that a join graph G = GL + GR with |V (GL)| ≤ |V (GR)| and∆(GL) > ∆(GR) is Class 1. We
show in Theorem 6 a different sufficient condition for a join graph to be Class 1:
Theorem 6. Let G = GL + GR be the join graph of GL = (VL, EL) and GR = (VR, ER). If ∆(GR) < |VR| − |VL|, then G is Class 1.
Proof. Let G′ = GR∪BG(VL, VR). The degree in G′ of any vertex v ∈ VL is |VR|. So, since |VR| > ∆(GR)+|VL|, the delta-vertices
of G′ are the vertices of VL. Observe that these vertices are an independent set of G′ and, in particular, they induce an acyclic
graph. So, by Lemma 3, graph G′ is Class 1.
Now, observe that G = G′ ∪ GL and that∆(G) = |VR| +∆(GL) = ∆(G′)+∆(GL). Besides, G′ is Class 1 and all of its edges
have at least one endvertex not in NGL(ΛGL), which is the endvertex in VR. So, by Proposition 2, G is Class 1. 
We observe that there are Class 1 graphs satisfying the conditions of Theorem 6 but not of the result of [11]. For an example,
consider the graph of Fig. 2, which is the join of GL = P2 and GR = C5. There are, also, Class 1 graphs which are covered by
the result of [11] but do not satisfy the assumptions of Theorem 6, such as the join of GL = K4 and GR = C4, shown in Fig. 3.
That is, none of these two results generalizes the other.
We observe, also, that the inequality ∆(GR) < |VR| − |VL| is tight. For an example of a Class 2 join graph with
∆(GR) = |VR| − |VL|, consider a complete graph of odd order G = K2t+1, which can be viewed as the join of GL = K1
and GR = K2k.
The following table merges the results on join graphs of the present work and [11], and highlight the open cases.
|VL| < |VR| |VL| = |VR|
∆(G[VL]) < ∆(G[VR]) Partial results (this work). All graphs are Class 1 [11].
∆(G[VL]) = ∆(G[VR]) Partial results ([11] and this
work).
Partial results [11].
∆(G[VL]) > ∆(G[VR]) All graphs are Class 1 [11]. All graphs are Class 1 [11].
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3.3. Cobipartite graphs
A graph G = (V , E) is cobipartite if its complement is a bipartite graph. If this is the case, there exists a partition (VL, VR)
of V such that both G[VL] and G[VR] are complete graphs; we call such partition a cobipartition. We denote dL(VL, VR) =
max{dBG(VL,VR)(v)|v ∈ VL} and dR(VL, VR) = max{dBG(VL,VR)(v)|v ∈ VR}, and we assume, without loss of generality, that|VL| ≤ |VR|. When the partition is clear in the context, we write only dL and dR. We consider only connected cobipartite
graphs with VL, VR 6= ∅, otherwise the problem is reduced to determining the chromatic index of complete graphs. We
prove, as immediate consequence of Theorems 7 and 8, that every cobipartition (VL, VR) of a Class 2 graph is such that
VL < VR and dL > dR. The definitions of dL(VL, VR) and dR(VL, VR) and the following result of Theorem 7 are analogous to a
result of Chen et al. (Lemma 3.4 of [7]) for split graphs.
Theorem 7. Let G = (V , E) be a connected cobipartite graph with cobipartition (VL, VR), 0 < |VL| < |VR|. If dL(VL, VR) ≤
dR(VL, VR), then G is Class 1.
Proof. Let DG = DG(VL, VR) and BG = BG(VL, VR). Since |VL| < |VR|, all delta-vertices of DG are in VR and, so, NDG(ΛDG) ⊂ VR.
Hence, no edge of BG has both endvertices in NDG(ΛDG). Remember that BG is bipartite and, so, is [12] Class 1. Since
dR(VL, VR) ≥ dL(VL, VR), we have∆(BG ∪ DG) = ∆(BG)+ ∆(DG) and we can apply Proposition 2 to show that G = DG ∪ BG
is Class 1. 
We prove in Theorem 8 that, if |VL| = |VR|, the cobipartite graph is Class 1.
Theorem 8. Let G = (V , E) be a connected cobipartite graph with cobipartition (VL, VR). If |VL| = |VR|, then G is Class 1.
Proof. Denote DG = DG(VL, VR) and BG = BG(VL, VR). Let piB be a ∆(BG)-edge-coloring of BG. Let G′ = (V , E ′), where E ′ is
a matching defined by edges colored with an arbitrary color c in piB. We show that GM = DG ∪ G′ is a Class 1 graph. If |VL|
is even, then DG is Class 1. Since ∆(GM) = ∆(DG) + 1 = ∆(DG) + ∆(G′), by Proposition 1, GM is Class 1. Now, suppose
that |VL| is odd and color the edges of the complete graphs G[VL] and G[VR] with colors {1, 2, . . . , |VL|} in such a way that,
if uv is an edge of G′, then the free color of u and v is the same. Now, we can color each edge uivi ∈ E(G′) with the color in
{1, 2, . . . , |VL|}which does not appear in ui and vi, obtaining a |VL|-edge-coloring of GM . So, GM is Class 1.
Now consider graph B′G = BG \ E ′, obtained from BG after removing the edges in E ′. Observe that E ′ covers all maximum
degree vertices of BG, so that∆(BG′) = ∆(BG)− 1 and BG′ is Class 1. Besides, GM has degree∆(GM) = ∆(DG)+ 1 and is also
Class 1. Since G = GM ∪ BG′ has degree∆(G) = (∆(DG)+ 1)+ (∆(BG)− 1) = ∆(GM)+∆(BG′), we can apply Proposition 1
and conclude that G is Class 1. 
Corollary 9. Let G = (V , E) be a Class 2 connected cobipartite graph. Then, for every cobipartition (VL, VR) with |VL| ≤ |VR|, it
holds |VL| < |VR| and dL > dR.
Proof. Immediate, from Theorems 7 and 8. 
We observe that, for the remaining case dL > dR, there exist Class 2 graphs, for instance, the complete graphs of odd order.
4. Core and semi-core of a graph
The core of a graph G is the subgraph induced by its delta-vertices, that is, G[ΛG]. The semi-core of G is the subgraph
induced by the delta-vertices and their neighbors, that is, G[NG(ΛG)]. Several works [8,13] investigate the relation between
the structure of the core and the chromatic index of a graph. We use the results of Section 2 for showing how the core and
the semi-core of a graph can provide information on its chromatic index.
We show in Theorem11 that the chromatic index of a graph is equal to the chromatic index of its semi-core. For the proof,
we use a result on union of graphs where the union graph hasmaximum degree equal to the largest maximum degree of the
operands. Proposition 10 gives a sufficient condition for the union graph to be Class 1, and its proof is similar to the proof of
Proposition 2.
Proposition 10. Let G = G1 ∪ G2 be the union graph of a Class 1 graph G1 = (V , E1) and a graph G2 = (V , E2) such that
∆(G) = ∆(G1). If ΛG = ΛG1 and no edge of G2 has both endvertices in NG1(ΛG1), then G is Class 1.
Proof. Denote the edges in E2 by u1v1, . . . , ukvk, in such a way that ui is an endvertex of edge uivi which does not belong to
NG1(ΛG1). Now, let G
0 = G1 and Gi = (V , E1 ∪ {u1v1, . . . , uivi}), for i = 1, . . . , k. Observe that Gi is obtained from Gi−1 by
adding edge uivi. We prove the lemma by induction on i.
Graph G0 = G1 is Class 1 by assumption. Now, suppose that Gi is Class 1. Remember that no edge uivi, for i = 1, . . . , k,
is incident to a delta-vertex of G1, so that ΛG0 = ΛG1 = · · · = ΛGk and NG0(ΛG0) = NG1(ΛG1) = · · · = NGk(ΛGk). So, ui+1
does not belong to NGi(ΛGi) and, by Lemma 4, G
i+1 is Class 1. 
We show, using Proposition 10, that the chromatic index of a graph depends only on its semi-core.
Theorem 11. Let G = (V , E) be a graph. Then χ ′(G) = χ ′(G[NG(ΛG)]).
Proof. Observe that G[NG(ΛG)] is a subgraph of Gwith the samemaximum degree. So, if G[NG(ΛG)] is Class 2, then G is also
Class 2 and both graphs have the same chromatic index.
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Now suppose that G[NG(ΛG)] is Class 1. Let G′ be the graph obtained from G after the exclusion of the edges of the semi-
core. Remember thatG andG[NG(ΛG)]have the samemaximumdegree and the same set of delta-vertices.Moreover, no edge
of G′ can have both endvertices in NG[ΛG](ΛG[ΛG]), because G[NG(ΛG)] is induced. So, by Proposition 10, G = G[NG(ΛG)] ∪G′
is Class 1, that is, G and G[NG(ΛG)] have the same chromatic index. 
We use the previous result in connection with a classical theorem [8] on the core of a graph. The mentioned theorem is
the following:
Theorem 12 (Hilton and Cheng [8]). Let G = (V , E) be a connected Class 2 graph with∆(G[ΛG]) ≤ 2. Then:
(1) G is critical (that is, the elimination of any edge or vertex decreases the chromatic index of G);
(2) δ(G[ΛG]) = 2;
(3) δ(G) = ∆(G)− 1 unless G is an odd cycle; and
(4) AdjG(ΛG) = V .
We show that the last claim in Theorem 12 is, actually, a consequence of the first two. Consider the following proposition
and its immediate corollary:
Proposition 13. If G = (V , E) is a critical graph, then G[NG(ΛG)] = G.
Proof. Suppose that G[NG(ΛG)] 6= G. Since G[NG(ΛG)] is an induced subgraph of G, there must exist a vertex v ∈ V which
does not belong to the semi-core G[NG(ΛG)] of G. Let H = G \ {v} be the graph obtained from G after the exclusion of vertex
v. Clearly H[NH(ΛH)] = G[NG(ΛG)] and, by Theorem 11, the chromatic indices of H and G are the same. So, G cannot be
critical. 
Corollary 14. Let G = (V , E) be a critical graph. If G[ΛG] has no isolated vertices, then AdjG(ΛG) = V .
Proof. Since G[ΛG] has no isolated vertices, AdjG[ΛG](ΛG) = ΛG and AdjG(ΛG) = NG(ΛG). Since G is critical, by
Proposition 13, NG(ΛG) = V . 
Corollary 14 shows that the last claim of Theorem 12 does not depend on the fact that G[ΛG] has maximum degree at most
two, but follows from the criticality of G and from the fact that δ(G[ΛG]) = 2 ≥ 1 (which implies that G[ΛG] has no isolated
vertices).
5. Concluding remarks
5.1. The disconnected-bipartite decomposition
We have seen that we can always decompose a connected non-trivial graph G by representing it as the union of a
disconnected graph DG(VL, VR) and a bipartite graph BG(VL, VR). In order to show that a given graph G = (V , E) is Class 1,
we have applied a number of times the strategy of finding a partition (VL, VR) of V with the following two properties:
(1) ∆(G[VL]) > ∆(G[VR]),
(2) ΛBG(VL,VR) ∩ΛGL 6= ∅.
If the first condition is satisfied, every delta-vertex of DG is in VL. Moreover, every neighbor of a delta-vertex of DG is also in
VL, that is, NDG(ΛDG) ⊂ VL. So, every edge of BG — a Class 1 graph — has at least one endvertex not in NDG(ΛDG), which is the
endvertex at VR. Besides, the second condition guarantees that∆(G) = ∆(BG(VL, VR))+∆(DG(VL, VR)). So the conditions of
Proposition 2 are met. We call such partition a C1-DB-Decomposition. If G has a C1-DB-Decomposition, then it is Class 1. This
strategy has been successfully applied to some join graphs and cobipartite graphs. A natural question is: can this strategy
be applied to more general Class 1 graphs? Fig. 4 shows an example of a C1-DB-decomposition of a graph.
Observe that, although having a C1-DB-Decomposition is sufficient for being Class 1, there are Class 1 graphs that do
not have a C1-DB-Decomposition — we mention, for example, the 4-cycle G = C4. The reader will verify that, in the two
vertex-partitions of the 4-cycle where |VL| = |VR| = 2, the degrees of G[VL] and G[VR] are equal, and in the partition where
|VL| = 3 and |VR| = 1, the maximum degrees of BG(VL, VR) and DG(VL, VR) are not added in the union operation. It would
be interesting to know for which restricted graph classes having a C1-DB-Decomposition is equivalent to being Class 1, and
whether there exists a polynomial time algorithm for determining if a graph has a C1-DB-Decomposition — at least for those
restricted classes. This problem can be viewed as a decision problem whose input is a graph G = (V , E) and whose answer
is YES if G has a C1-DB-Decomposition.
5.2. Final considerations
In this work we investigated decomposition tools for the edge-coloring classification problem and applied those tools to
subclasses of join graphs and cobipartite graphs. We also considered the role of the core and the semi-core of a graph with
respect to edge-coloring.
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Fig. 4. Example of a C1-DB-decomposition.
The decomposition tools investigated in this work generalize techniques which were applied to solve the edge-
coloring classification problem in various graph classes. Besides, the ideas here investigated give origin to an interesting
combinatorial problem related to the existence of a vertex partition with special properties, and which will hopefully help
to edge-color optimally new graph classes.
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